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The paper presents algorithms of automatic control of an intelligent anti-tank guided missile
(ATGM) with possibility of attacking the target from the upper ceiling and with possibility
of the missile flight through indicated points in space. The polynomial functions are used to
designate the program trajectories. Numerical analysis of the operation of chosen algorithms
is performed. The results are presented in a graphical form. As it results from the conducted
tests, the proposed algorithms of automatic control of ATGM with the use of polynomial
functions work properly during attack on the target from the upper ceiling, for both mobile
and immobile targets.
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1. Introduction

This paper presents a medium-range anti-tank guided missile (ATGM) which is characterized
by high maneuverability of flight, ability to attack a target from the upper hemisphere with the
possibility to apply the feint. The passive guidance limits its tracking possibilities and the target
can be selected from the battlefield during its flight.
High maneuverability of ATGM flight is directly used to bypass obstacles that appear on the

flight trajectory of the missile. A special head is used to detect those obstacles. It is mounted on
the deck of the ATGM, scanning the space in front of the ATGM (Nocoń, 2013). Detecting an
obstacle is done in real time. It allows for a suitable adjustment of the flight trajectory depending
on the appearing obstacles. In the case of occurring terrain obstacles (natural such as hills, and
artificial such as buildings), it is possible to determine permanent points in space which delineate
a safe flight path of ATGM between those obstacles. Introducing a map of the battlefield area
to the on-deck computer of the missile will allow the auto-pilot to autonomously delineate the
optimum flight trajectory to the target. Moreover, thanks to the possibilities of determining the
points of flight, the flight of the missile may be designed in such a way that it reaches the target
along a circular trajectory, for example along a circle and, as a result, attack it from the least
expected direction. During the programmed flight the missile realizes the trajectory set before
the start with simultaneous consideration of bypassing the obstacles. In the last flight stage, the
missile detects and identifies the target and fulfils the process of self-guidance in accordance with
the implemented algorithm. Depending on the situation on the battlefield, two ways of guiding
the missile can be selected. The first is self-guidance (the missile type “fire and forget”). It is
fully automatic. After firing, the shooter has no control over the ATGM flight. The second way
is “fire-observe-correct”. In this case, the operator observes the actions on the battlefield in real
time on the control panel. They operator can correct the flight path and choose targets. The
image in real time is sent via a fiber-optic cable unwound behind the missile.
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Thanks to the use of the Observation and Seeker Head coupled with the combat head EFP,
the missile can very accurately determine the location of the target and hit it in the least armo-
ured place. In the paper, it is assumed that the ATGM is equipped with the modified scanning
and tracking seeker which is presently undergoing intensive theoretical and experimental tests
(Gapiński and Stefański, 2014; Krzysztofik, 2012).
During the attack, the flight of the missile is exposed to external disruptions in form of

gusts of wind. Crosswinds surround the missile as a result of which the helm, flight stabilizers
and the body of the missile are subject to additional, undesired carrying off forces and the
moment of those forces. That results in flight trajectory errors. The auto-pilot with the proposed
algorithm effectively compensates the occurring errors what was described in a separate paper
by Nocoń and Stefański (2014). Even large gusts of wind of 17m/s do not impact significantly
the effectiveness of the programmed flight, not to mention the attack itself. That is why external
disruptions were not considered in flight dynamics equations.
This paper presents a much simplified physical model and flight dynamics equations which by

no means affect the preliminary analysis of correctness and effectiveness of the control algorithm.
It should be emphasized that the developed algorithm of controlling the hypothetical anti-tank
guided missile is the essence of the paper. On the other hand, the equations of flight dynamics
of the missile are the tool to verify the correctness of its operation. They have been derived and
analysed in more detail in other papers (Koruba and Osiecki, 2006; Baranowski, 2013).
It seems that it is not an overstatement to claim that the missile described herein is a part

of the most recent trend of the fourth generation of anti-tank missiles.

2. Description of the tracking

Contemporary military actions more and more often take place in urban areas with high density
of civilian objects. With regard to civil security, the fact that the attack on hostile armored units
should take place with simultaneous consideration of avoidance of all obstacles: buildings and
civilian vehicles, allied units and permanent natural objects is important, see Fig. 1 (Koruba
and Nocoń, 2012). Military actions are also common on wooded, mountainous and desert areas
– there are also a lot of obstacles interfering with the trajectory of the flight of ATGM.

Fig. 1. General view of self-guidance of the third generation close-range ATGM in urban areas

The effectiveness of attack performance is influenced by the element of surprise, ability to
avoid obstacles during the flight and the quality of armor of enemy’s vehicles. It is commonly
known that the weakest armor is the upper surface of the tank and its back, so it is best to
direct the attack there. Based on the conditions presented above, the ATGM is required to
enable efficient maneuvering between obstacles and precise hit on the selected target point.
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Given that the tactical withdrawal of tanks is done in reverse gear, it is possible to set the
flight trajectory with a surprise maneuver, which involves flying around the tank and attacking
it from behind.

2.1. The modelling of ATGM motion

The equations of dynamics of flight of an anti-tank guided missile are derived in accordance
with the adopted assumption that the ATGM performs maneuvers mainly in the horizontal
plane. The consequence is the order of rotations in the transformation the ground-fixed system
Sxgygzg to the body-fixed system Sxyz (Koruba and Osiecki, 2006; Siouris, 2004). The first
rotation is performed in accordance with the plane of change of the direction of the flight of the
ATGM. The second is in accordance with the plane of change of altitude of flight of the ATGM.

Fig. 2. The system of forces acting on the ATGM moving in the gravitational field and the Earth’s
atmosphere, together with the adopted coordinate systems

In Fig. 2, the following quantities and denotations are introduced: RA – vector of total
aerodynamic forces; TR – total missile engine thrust; G – vector of the gravity force; Qy,Qz –
controlling forces; V – missile velocity vector; Sxyz – system of coordinates connected with the
missile (body-fixed system); Sxgygzg – ground-fixed system; Sxvyvzv – system of coordinates
connected with the flow; α – missile angle of attack, α = arctan(w/u); β – missile angle of sideslip,
β = arcsin(v/V ); αt – missile total angle of attack; p, q, r – angular velocity components in the
body reference frame; u, v,w – velocity components in the body-fixed system; γ, χ – flight-path
angle in the vertical and horizontal plane (inclination and azimuth angles of the missile velocity
vector); ẋg, ẏg, żg – components of the velocity vector in the ground-fixed system.
The dynamical equations of motion can be presented in different coordinate systems. In this

paper, the mathematical model is developed according to Polish and International Standard
ISO 1151. A transformation matrix between the ground-fixed system Sxgygzg and the body-
fixed system Sxyz is required to derive the equations of motion. The angular velocity is the sum
of the rotation velocity with respect to the successive axes Ω = Θ̇+ Ψ̇+ Φ̇. The first rotation is
around the vertical axis of the ground-fixed system Ozg by the angle of azimuth Ψ , the second
rotation is around the instantaneous horizontal axis Oy′g by the angle of inclination Θ, and the
third rotation is around the axis Ox by the angle of bank Φ.
In Fig. 3, the following quantities LΨ , LΘ and LΦ represent the transformation matrix: LΨ is

the matrix of transformation of the rotation by the angle of azimuth Ψ , LΘ is the matrix of
transformation of the rotation by the angle of inclination Θ, LΦ is the matrix of transformation
of the rotation by the angle of bank Φ.
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Fig. 3. Transformation the ground-fixed system Sxgygzg to the body-fixed system Sxyz

The angular velocity components in the body-fixed system are calculated as follows
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The final form of the angular velocity is

p = Φ̇− Ψ̇ sinΘ q = Θ̇ cosΦ+ Ψ̇ sinΦ cosΘ

r = −Θ̇ sinΦ+ Ψ̇ cosΦ cosΘ
(2.2)

The dynamical equations of motion based on the principles of classical mechanics are divided
into the progressive part of the missile motion and the spherical part of the motion. The first
part of the dynamical equations is

ma =
∑

F ⇒ m
δV

dt
=
∑

F (2.3)

The total velocity vector is the sum of the velocity components lying in the body-fixed system.
Then, the derivative is computed
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(2.4)

The three dynamical equations of motion resulting from the progressive part of the motion are
developed according with the body-fixed system

m(u̇+wq−vr) =
∑

Fx m(v̇+ur−wp) =
∑

Fy m(ẇ+vp−uq) =
∑

Fz (2.5)

The sum of the total forces acting on the missile is
∑

F = TR+G+RA+QS, where:m is mass of
the missile; a – total acceleration; i, j,k – unit vectors of the body-fixed system; QS = [0, Qy, Qz]
– total vector of controlling forces.
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Based on the principle of angular momentum, the other part of dynamical equations is the
spherical part of motion

δK

dt
=
δIΩ

dt
=
∑

M (2.6)

The sum of the angular velocity in the body reference frame is the vector of the missile angular
velocity Ω = pi + qj + rk. The same case is with the angular momentum vector K = Kxi +
Kyj+Kzk. The derivative of the angular momentum vector is

δK

dt
= i
δKx
dt
+ j
δKy
dt
+ k
δKz
dt
+Kx

δi

dt
+Ky

δj

dt
+Kz

δk

dt

or

δK

dt
= iIxṗ+ jIy q̇ + kIz ṙ +
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The three dynamical equations of motion resulting from the spherical part of the motion are
developed according with the body-fixed system

Ixṗ+ (Iz − Iy)qr =
∑

Mx Iy q̇ + (Ix − Iz)pr =
∑

My

Iz ṙ + (Iy − Ix)pq =
∑

Mz
(2.8)

The sum of the total moments acting on the missile is
∑

M = MA + MQ, where:
K = [Kx,Ky ,Kz] is the vector of the angular momentum components in the body-fixed system;
Ω – vector of the angular velocity; bfI = [Ix, Iy, Iz] – moments of inertia; MA = [L,M,N ] –
components of the total aerodynamic moment in the body-fixed system;MQ – total moment of
the controlling force.

• Forces and moments needed in the equations of motion

The total missile thrust TR is located in the axis Sx of the body-fixed system Sxyz
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The vector of the gravity force G = [Gxg, Gyg , Gzg] is located in the axis Szg of the ground-fixed
system Sxgygzg, so G = [0, 0, G] and thus it must be transformed to the body-fixed system
Sxyz
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(2.10)

• Simplified aerodynamic forces and moments

The total aerodynamic force RA is split into two components lying in plane of drag. The
drag force XA = CDρSV 2/2 is the component parallel to the vector of velocity, whereas the lift
force PA = CLρSV 2/2 is the component perpendicular to the vector of velocity.
The components of the total aerodynamic force RA = [X,Y,Z] in the body-fixed system are

X = −XA cosαt + PA sinαt Y = (XA sinαt + PA cosαt) cosϕ

Z = −(XA sinαt + PA cosαt) sinϕ
(2.11)
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Fig. 4. The forces acting on the missile: (a) components and aerodynamic forces acting on the missile
flight; (b) projections of the aerodynamic force vector RA and the velocity vector V in the plane Syz

From obvious equations

v = V sinαt cosϕ ⇒ cosϕ =
v

V sinαt

w = V sinαt sinϕ ⇒ sinϕ =
w

V sinαt

the final form of the components of the total aerodynamic force is

X = −
CD cosαt − CL sinαt

2
ρSV 2 Y =

CD + CL cotαt
2

ρSV v

Z = −
CD + CL cotαt

2
ρSV w

(2.12)

where: CD, CL are coefficients of drag and lift; ρ – air density; S – cross sectional area of the
missile; αt = arccos(u/V ) – total angle of attack; V =

√
u2 + v2 + w2 – missile velocity vector.

The vector of moments of the aerodynamic forces is [L,M,N ] = [0,−lZ,−lY ] in the body-
-fixed system, where l is the distance from the center of gravity and the center of pressure of
the aerodynamic forces.
The components of the total missile controlling forces QS are located in the body-fixed

system Sxyz. In the axis Sy is the force of the directional control Qy, in the axis Sz is the force
of flight altitude control Qz. The vector of moments of the controlling forces in the body-fixed
system isMQ = [0, eQz ,−eQy], where e is the distance from the center of gravity and the control
fins.
Based on a simplified physical model shown in Fig. 2 and on the assumption that the missile

is axially symmetric Iy = Iz and does not rotate around the longitudinal axis Sx, equations
(2.13) of the flight dynamics of the missile are derived. The dynamical equations consist of the
progressive part of ATGM motion and its spherical part (Harris and Slegers, 2009; Koruba and
Osiecki, 2006; Siouris, 2004)

m(u̇+ wq − vr) = TR −G sinΘ −
CD cosαt − CL sinαt

2
SρV 2

m(v̇ + ur − wp) = G cosΘ sinΦ+
CD + CL cotαt

2
SρV v +Qy

m(ẇ + vp − uq) = G cosΘ cosΦ−
CD + CL cotαt

2
SρV w +Qz

Iy q̇ + (Ix − Iz)pr = −
l

2
(CD + CL cotαt)ρV w + eQz

Iz ṙ + (Iy − Ix)pq = −
l

2
(CD + CL cotαt)ρV v − eQy

(2.13)
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The components of the velocity vector in the ground-fixed system (kinematic differential equ-
ations of motion of the missile center of mass) are as follows
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For the missile stabilized around the longitudinal axis Φ = 0, equation (2.14) takes the following
form

ẋg = u cosΘ cosΨ − v sinΨ + w sinΘ cosΨ

ẏg = u cosΘ sinΨ + v cosΨ + w sinΘ sinΨ

żg = −u sinΘ + w cosΘ

(2.15)

The kinematic differential equations of rotational motion about the missile center of mass are
as follows

Φ̇ = p+ q sinΦ tanΘ + r cosΦ tanΘ

Θ̇ = q cosΦ− r sinΦ Ψ̇ = q
sinΦ
cosΘ

+ r
cosΦ
cosΘ

(2.16)

2.2. Algorithm of control of the ATGM

The control algorithm consists of two parts. The first part is a programmed trajectory that
relates to the control in the vertical plane and the other part is a programmed trajectory in the
horizontal plane. After combining both parts, we obtain the programmed trajectory of flight of
the ATGM in space, running through the marked points (Fig. 5).

Fig. 5. A schematic depicting the gluing of the fragments of the trajectory by polynomial curves
running through given points in space

A new fragment of both projections of the trajectory are calculated between the consecu-
tive points. The program flight of the ATGM in each fragment is described by a third degree
polynomial (Grzyb and Koruba, 2011)

y = ax3 + bx2 + cx+ d (2.17)

The program trajectory of flight of the ATGM consists of a finite number of sections – polynomial
curves y(x) and z(x), glued with each other at predetermined points, see Fig. 5. Each curve is
determined by the coordinates of the start and end point as well as angles of flight at these
points. For the first section of the trajectory in the vertical plane, we can use the following data

(x0, y0, γ0) (xk, yk, γk) (2.18)
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From the system of four equations with four unknowns, which are the coefficients with the
variables

ax30 + bx
2
0 + cx0 + d = y0 3ax20 + 2bx0 + c = tan γ0

ax3k + bx
2
k + cxk + d = yk 3ax2k + 2bxk + c = tan γk

(2.19)

we obtain the following linear equation to solve (Grzyb and Koruba, 2011)
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(2.20)

In the attack phase (Fig. 6), when the target is moving, the polynomial coefficients are calculated
at any point in time, as the end point (target) of the curve keeps changing its coordinates.

Fig. 6. View of the final stage of attack of the ATGM flying along a polynomial curve. The missile
flight above the target

Due to the limited processing power of the system, the coefficients are presented in form of
a cascade (next coefficient includes the previous one)

a = −
2yk − 2y0 + (x0 − xk)(tan γk + tan γ0)

(xk − x0)3
c = tan γk − 3x2ka− 2xkb

b =
tan γ0 − tan γk − (3x20 − 3x

2
k)a

2x0 − 2xk
d = yk − x3ka− x

2
kb− xkc

(2.21)

In the vertical plane, the program trajectory is described by the function y = f(x)

y = ax3 + bx2 + cx+ d (2.22)

The altitude control angle γ◦ is given by the formula

γ◦ = arctan(3ax2 + 2bx+ c) (2.23)

The situation is analogous in the horizontal plane. By replacing the coordinate y with z and γ
with χ, the program trajectory is described by the function z = f(x)

z = ax3 + bx2 + cx+ d (2.24)

and the direction control angle χ◦

χ◦ = arctan(3ax2 + 2bx+ c) (2.25)
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2.3. Selection of a regulator

To control the ATGM on the programmed trajectory in accordance with the implemented
control algorithm, a double PID regulator is used in each plane separately

Qy = ky1ey + ky2
dey
dt
+ ky3

tk
∫

t0

ey dt + hy1fy + hy2
dfy
dt
+ hy3

tk
∫

t0

fy dt

Qz = kz1ez + kz2
dez
dt
+ kz3

tk
∫

t0

ez dt+ hz1fz + hz2
dfz
dt
+ hz3

tk
∫

t0

fz dt

(2.26)

where

ey = γ◦ − γ ez = χ◦ − χ

fy = y − yp fz = z − zp

γ = arcsin
żg
V

χ = arctan
ẏg
ẋg

and where yp is the current ceiling of the ATGM at a given moment of time; y – programmed
altitude of ATGM at a given moment of time; zp – factual location of ATGM; z – programmed
location of the ATGM; γ, χ – flight-path angle in the vertical and horizontal plane (inclination
and azimuth angles of the missile velocity vector); ẋg, ẏg, żg – components of the velocity vector
in the ground-fixed system.
The indicated control signals Qy, Qz for the purpose of simplification of the simulation can

be considered as the controlling forces (Evans, 1990).

3. Results of simulation tests

Simulations are conducted for a hypothetical anti-tank guided missile whose mathematical model
and equations of flight dynamics are presented in the previous Section. The data adopted for
the missile are: m = 12.9 kg, e = 0.45m, l = 0.231m, Iy, Iz = 1.53 kgm2, Ix = 0.0324 kgm2,
TR = 3700N (launch motor), TR = 400N (flight motor).

3.1. Simulation conducted for the ATGM flying through three points and attacking the
target moving with a velocity of 30m/s

The autopilot regulator parameters are selected as follows: ky1 = 400, ky2 = 320, ky3 = 10,
hy1 = 900, hy2 = 36, hy3 = 2300, kz1 = 400, kz2 = 170, kz3 = 1000, hz1 = 900, hz2 = 8,
hz3 = 1000.

3.2. Simulation conducted for the ATGM flying through four points and attacking the
target moving with a velocity of 30m/s

The autopilot regulator parameters are selected as follows: ky1 = 400, ky2 = 320, ky3 = 10,
hy1 = 900, hy2 = 36, hy3 = 2300, kz1 = 200, kz2 = 250, kz3 = 1000, hz1 = 900, hz2 = 23,
hz3 = 1000.
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Fig. 7. Trajectory of the flight of the ATGM attacking the target moving with a velocity of 30m/s.
The target moves 100 to the left and 50 up

Fig. 8. The flight-path angle γ and the control angle γ◦ in function of time

Fig. 9. The flight angle χ and the control angle χ◦ in function of time

Fig. 10. Control signals of the ATGM: Qy controlling the altitude in the vertical plane, Qz controlling
the direction in the horizontal plane
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Fig. 11. Lateral overloads that affect the ATGM during the guidance

Fig. 12. Trajectory of the flight of the ATGM attacking the target moving with a velocity of 30m/s.
The target moves 150 to the left and 100 up

Fig. 13. The flight-path angle γ and the control angle γ◦ in function of time

Fig. 14. The flight angle χ and the control angle χ◦ in function of time
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Fig. 15. Control signals of the ATGM: Qy controlling the altitude in the vertical plane, Qz controlling
the direction in the horizontal plane

Fig. 16. Lateral overloads that affect the ATGM during the guidance

4. Conclusions and final remarks

From the conducted theoretical deliberations and simulation studies, one can draw the following
conclusions:

• Proper selection of the regulator and its settings significantly affects not only the accuracy
of mapping of the programmed trajectory, but also the optimal values of control signals
as well as congestion during missile flight.

• Regulator settings are chosen in such a way so as to optimize the values of control signals
and the existing congestions. It should be emphasized that the regulator gains assume
values that are technically achievable. Admittedly, the angles of the missile flight do not
coincide exactly with the control angles, and the trajectory does not perfectly map the
trajectory of the program, however, it does not significantly affect the effectiveness of the
attack.

• ATGM flies through designated points with a sufficient accuracy (one meter), and hits the
target with a high accuracy (approx. half a meter). These results are satisfactory because
of the fact that the target is moving at a relatively high velocity (about 30m/s).

• In the points of gluing functions (subsequent parts of the trajectory), one can observe
significant jumps of the control signals. This is due to the discontinuity of angular velocity
functions in these points.
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